A pure-bending model for thin films, accurate to leading order in film thickness, is rigorously established on the basis of the three-dimensional theory of materially uniform elastic bodies. A model accounting for both stretching and bending is also proposed. This incorporates a natural extension of Koiter's theory. We show that the classical Kirchhoff-Love hypothesis, to the effect that material lines normal to the film remain so in the course of deformation, is not generally valid.
Introduction
Noll's theory of materially uniform bodies [1] has substantially advanced the theoretical treatment of a wide range of phenomena, including plasticity, growth, diffusion and thermoelasticity [2, 3] . In the special form of this theory used here, the basic notion is that the material responds elastically to the tensor e H =FK(x), where e F is the usual deformation gradient and e K(x) is a tensor field that effectively serves to embed the material into a prescribed reference configuration. The response is presumed to be such that there exists a constitutive function, depending on e H, which does not vary from one material point to another. In applications e K, or more often its inverse e G, is interpreted as the plastic, or growth, part of the deformation gradient, while e H plays the role of the elastic part. In theories of diffusion [4, 5] ,G is most often interpreted as that part of the deformation gradient associated with free swelling: a deformation of an unstressed polymer matrix induced by the presence of a diffusant. In this work we adopt a viewpoint prevalent in these and other fields of application, and identify e G as a map from the reference to a local natural state in which the material is unstressed [6] . Such states are said to be undistorted, in the sense of a standard crystal lattice; accordingly, for solids the symmetry group of the elastic response function is contained in the orthogonal group. Importantly, the theory does not require e K(x) to be the gradient of a vector field. This crucial feature facilitates the theoretical description of material defects, or inhomogeneities [1, 2, 7] .
The modern literature on shell theory emphasizes rigorous derivations from three-dimensional elasticity theory [8] [9] [10] [11] . Invariably, the reference configuration is presumed to coincide with a global natural state of the material. This is a conceptual handicap, for two important reasons: (a) global natural configurations are the exception rather than the rule; and (b) the identification of the reference configuration with a natural state is not intrinsic to elasticity theory. It is our opinion that this state of affairs has À Á , where tr (Á) is the trace and the superscript t is used to denote the transpose. The associated norm is A j j = ffiffiffiffiffiffiffiffiffiffi ffi A Á A p . The linear operator Sym(Á) delivers the symmetric part of its second-order tensor argument, and the notation 5 identifies the standard tensor product of vectors. We also use Orth + to denote the group of rotation tensors. The symbol Div is used for the three-dimensional referential divergence operator, while div and r denote the two-dimensional referential divergence and gradient. We use a combination of direct notation and the indicial tensor notation commonly used in shell theory. Useful background material, together with a summary of the requisite differential geometry of surfaces, may be found in [9] . Commas followed by subscripts are used to denote partial derivatives with respect to convected surface coordinates, and semi-colons to denote covariant derivatives.
Superposed tildes refer to three-dimensional fields whereas variables appearing without the tilde are the restrictions of these fields to the midsurface O of the three-dimensional plate-like body. The body itself occupies the volume k = O 3 [2h/2, h/2]. Our basic assumption is that the plate is thin in the sense that h/l ( 1, where l is a characteristic length associated with the geometry of O. To ease the notation we adopt l as the unit of length, so that h ( 1, and seek a model for the film valid to order h 3 . This is the scaling associated with plate bending, and is relevant when the lateral loading is likewise of order h 3 . We also use the notation A
21
, A* and J A . These are respectively the inverse, the cofactor and the determinant of a tensor A; they are connected by A* = J A A 2t if A is invertible. For a fourth-order tensor A, the notation A½B stands for the second-order tensor with orthogonal components A ijkl B kl . Its transpose A t is defined by B Á A t ½A = A Á A½B, and A is said to possess major symmetry if A t = A. If A Á A½B = A t Á A½B and A Á A½B = A Á A½B t , then A is said to possess minor symmetries. Finally, the notation (Á) A stands for the derivative with respect to the tensor A.
Materially uniform elastic bodies
The Piola stress of the three-dimensional theory is given by
the derivative with respect to the deformation gradient e F of the strain energy,C( e F; x), per unit reference volume. Here x is the position of a material point in a reference configuration, k say. We assume that k could be occupied by the body, at least in principle, and thus impose JF . 0.
The force per unit area transmitted across a surface in k with unit normal N is the Piola traction
It is well known that this, together with the equilibrium equation
are respectively the natural boundary condition and Euler equation for energy-minimizing deformations under conditions of conservative loading without body force, holding on a subset of ∂k and in k respectively. We seek the optimal expression for the term E in the expansion
of the potential energy
under dead-load conditions, say, where e x(x) is the deformation and ∂k n is the part of the boundary where traction is assigned.
The Piola stress is related to the Cauchy stress e T byCF = e T e F * . In materially uniform elastic bodies we also have [2] 
whereW ( e H) is a suitable strain-energy function that does not depend explicitly on x, and
in which e K(x) is an assigned field. We assume that JK . 0 and conclude that JH . 0. Comparison with (6), together with e H * = e F * e K * , furnishes the connectioñ
and integration at fixed e K givesC
apart from an unimportant function of x. The strain-energy functionW ( Á ), thus encodes the intrinsic properties of the material.
Because we are concerned with energy minimizers, we confine attention to deformations that satisfy the strong-ellipticity condition
To interpret this in terms ofW , we differentiate (8) at fixed e K on a one-parameter family e H(t) = e F(t) e K, reachingWHH
where the superposed dot is the derivative with respect to t. Scalar multiplication by e F Á e K and use of the rule AÁBC = B t AÁC, with B = e F Á and C = e K, yields
which we apply with e F Á = a b to express (10) in the form
It follows thatC is strongly elliptic at e F if and only ifW is strongly elliptic at e H = e F e K (see [20] ). We impose the usual Galilean invariance restriction in the formC(F, x) =C(QF, x) for every rotation Q. From (7) and (9) this is equivalent toW ( e H) =W (QH), which, as is well known, is satisfied if and only ifW depends on e H via e H tH , or, equivalently, via the elastic strain
where I is the identity for 3-space. Galilean invariance also implies, via (6) , that the Cauchy stress is symmetric, and that the elastic second Piola-Kirchhoff stress e S, defined bỹ
is a symmetric-tensor-valued function of e E. Application of the chain rule furnishes the useful connectioñ
for any tensor B, where C( e E) is the derivative of e S( e E). We have invoked the fact that this possesses the minor symmetries by virtue of its definition; its derivation from a strain-energy function also confers major symmetry.
We impose the normalizationW (I) = 0. Galilean invariance then implies thatW ( e H) = 0 if e H 2 Orth + . We assume the converse to be true, and hence thatW ( e H) = 0 if and only if e H 2 Orth + . We further assume that e S( e E) = 0 if and only if e E = 0, i.e. if and only if e H 2 Orth + , and that C(0) is positive definite in the sense that A Á C(0)½A . 0 for all non-zero symmetric A. Then,
and it follows from (16) thatWHH
Our assumptions thus imply strong ellipticity at zero strain. We also make use of the connectioñ
where Q is any rotation. The following development presumes the fields e F(x) and e K(x) to be twice continuously differentiable.
Energy of a thin film

Strain energy
The central objective of this work is the accurate small-thickness estimation of the strain energy
in which, to facilitate analysis, x 2 k is decomposed as
with u 2 O and § 2 [2h/2, h/2], where h is the film thickness. The translation (vector) space of O is denoted by O#.
Regarding the interior integral (20) as a function of h, we combine Leibniz' rule with a Taylor expansion to derive Z h=2
where
in which (Á)# = ∂(Á)/∂ § j § =0 , etc. In terms of the strain-energy functionW ,
where, on account of material uniformity,
Here,
where [21, 22] 
in which r(u) is the position, after deformation, of the point with position u 2 O, r(Á) is the gradient on O; and d, g and h, also functions of u, are the mutually independent director fields in the thickness-wise expansion
Edge loads and the potential energy
The potential energy of a film subjected to dead loads at its boundary is given by
in which e p(x) is the assigned Piola traction.
Here we suppose that ∂O is the union of disjoint arcs ∂O e and ∂O n , where essential and natural boundary conditions, respectively, are specified. The three-dimensional position is assigned on the cylindrical surface ∂O e 3 I, where
Using expansions such as (22) and (23), it is straightforward to show that
in which
The functions p, p# and p$ on ∂O n are computed directly from the assigned e p on ∂k n = ∂O n 3 I; thus, in principle, p r , p d and p g are imposed as data on ∂O n . However, because of kinematic restrictions arising in the further development of the theory, they occur in certain combinations rather than individually, as explained in Section 6. Extensions to cover conservative pressure loads applied at the lateral surfaces of the plate are discussed in [21] .
We thus reach
Limit model for pure bending
Pure bending is a mode of deformation in which the order-h (membrane) energy vanishes identically.
Our constitutive hypotheses in turn require that H be a rotation at all points of O:
We haveW (R) = 0,WH(R) = 0 and it follows that the restriction to O of the Piola stress vanishes: P = 0. Evidently every point of the midsurface corresponds to a natural state of the material. The restriction of the Piola traction to ∂O then also vanishes, i.e. p = 0. From (24) and (32)- (36) we deduce that E = E B , where
and
Using (19), the latter may be recast as
The condition on H imposes a severe restriction on the deformation. To see this we combine (7) and (37), obtaining
where G = K
21
. Exploiting the fact that rr maps O# to the tangent plane, T v(p) , to the deformed midsurface v at the point p with reference position u 2 O, we have
for some e 2 O#, where n is the unit normal to T v(p) , defined by
and a = jF*kj is the areal stretch of O induced by the deformation. This of course is simply Nanson's formula applied to O#, implying, in particular, that
Combining this with (27) 1 , we reach
where c = (rr) t rr ð47Þ
Here c maps O# to itself and delivers the metric on v. That it is positive definite follows easily from the assumption J F . 0 and the consequent positive definiteness of F t F. The identity transformation on O# is the projection
where I is the identity for 3-space. Using this with (42), in which the left-hand side is interpreted as G t G = IG t GI, yields the conclusion that
The second of these furnishes a unique e 2 O# by virtue of the invertibility of c, and (48) then delivers
in accordance with the requirement J F . 0. We thus derive d = d(rr, K), where d is given by (43) in which e and dÁn are determined entirely by K (equivalently, by G); here,
in which i 1,2 2 O# are any orthonormal vectors such that i 1 3 i 2 Ák = 1, and rr is subject to the constraint obtained on combining (47) and (50) 1 . The metric of v is thus fixed by the function K(u). Further, it is straightforward to show that
Remark. In conventional elasticity theory we have K = I, yielding c = 1, e = 0 and d Á n= 1. Then, F = rr + n 5 k in which the map r(u) is isometric to the plane O, yielding F 2 Orth + and implying that the classical Kirchhoff kinematic hypothesis holds [10, 22] . In the present setting the Kirchhoff-Love hypothesis with thickness distension, corresponding to e = 0, is typically violated.
With d = d(rr, K) and K(u) fixed, the strain energy (40) reduces to a function of rr and g. This dependence is induced by (37) and (41) via the term H#, in which (cf. (26) 2 )
We eliminate g as follows. First, fix the function r(u) (and hence also its gradients) and let
in which R = FK is fixed, with F = rr + d k, and
We evaluate B on a one-parameter family g(t) and define s(t) = B(g(t)). The derivatives of this function are
Writing these as
respectively, we have
where A is the (symmetric) acoustic tensor defined by
for any vector v. That this is positive definite, and hence invertible, follows from (13) and (18) . We conclude that the energy E B is minimized with respect to g if and only if B g = 0, i.e.
A(R
This delivers g uniquely in the form g = g(rr, rrr, K, rK, K 0 ).
problem to the solution of
To facilitate the solution of this equation, we note that it is equally legitimate to interpret R t as
. It is of interest to observe, from (8) , that
and therefore that
in the case of pure bending. Using (9) we derive J K P#k = B g and hence
implying that the tractions at the major surfaces of the film are of order O(h 2 ) at most.
Remark. The combination of (4) and (38) 
it is also the least energy that can be attributed to a given midsurface deformation r(u) satisfying the constraint (50) 1 .
Let u a be convected coordinate system, and let u(u and the e a 2 O# are dual to the natural basis vectors e a = u ,a 2 O#. We note that T v(p) = Span{a a }. The second gradient rrr is expressible in the form
in which G l ab and G l (O)ab are the Levi-Civita connection coefficients (i.e. the Christoffel symbols) induced by the coordinates on v and O, respectively, and
in which the b ab are the coefficients of the second fundamental form (i.e. the covariant curvature) on v.
Here we have used the standard Gauss formulas
The sign in (70) conforms to a widely adopted convention in the literature on shell theory [9, 19] . We observe that the difference of two sets of connection coefficients induced by a given (convected) coordinate system is a (third-order) tensor, whereas the connection coefficients themselves do not possess tensor character [23] . Further, as is well known, the G l ab and G l (O)ab are determined entirely by the metrics induced by the coordinates on v and O, respectively; that is, by a ab and by e ab , where a ab = e a Á ce b and e ab = e a . e b .
In the case of pure bending, the constraint (50) 1 fixes the metric on v and, hence, also the connection coefficients. Accordingly, the S l ab are fixed, implying that rrr is kinematically determined by rr and k. The bending energy (38) reduces to
is the strain-energy function in pure bending, with H = FK and H 9 = F 9 K + FK 0 in which F = rr + d k and F 9 = rd + g k. The explicit form of the function U B (k; u) depends on the elastic properties of the material and the solution to the linear algebraic equation (63).
In the course of reaching this conclusion we have used the fact that the strain energy is Galilean invariant 1 by construction and therefore depends on rr via c, which is fixed by the constraint obtained on combining (47) with (50) 1 . Further, the Gaussian curvature K of v is fixed by Gauss' Theorema Egregium, which determines K in terms of the G l ab and their gradients via Riemann's curvature tensor [9] .
Remark. We have seen that if the deformed image v of the midplane O is a natural state, then it inherits the metric induced by K(u). Unless this metric is that of a plane, the surface v possesses a non-zero Gaussian curvature in accordance with Gauss' theorem, and, accordingly, is necessarily curved. This finding comports with everyday experience, as when a thin flat sheet of metal is plastically deformed to make a body panel for an automobile, and then unloaded, remaining in a curved configuration.
Combined bending and stretching
While the foregoing results yield a rigorous limit model, their utility is limited by Gauss' theorem, which requires, in general, that flexure be accompanied by a change in surface metric. Our constitutive hypotheses then require an attendant elastic strain at the midplane. This imposes a relatively large energetic penalty resulting in a substantial increase in overall stiffness relative to that associated with pure bending. To address this situation, which is the norm rather than the exception, we propose an approximate model that accommodates both bending and stretching simultaneously. A variant of Koiter's model is recovered as a special case. In fact the latter emerges as a limit model under certain conditions which, however, seem impossible to justify a priori. We therefore revert to an a posteriori argument. The model discussed here generalizes that described in [21] for conventional elasticity.
Restrictions suggested by the exact theory
We observe that the tractions e p 6 at the major surfaces § = 6h/2 satisfy [21] e p + + e p
If e p 6 = 0, as assumed here, it follows that
Using the second of these in
which is simply the restriction of the exact equilibrium equation (3) to O, we conclude that divðP1Þ ¼ Oðh 2 Þ, at most. Here div(Á) is the two-dimensional divergence with respect to position u on O. We note that the same conclusions follow if e p 6 = O(h 3 ), which is the scaling classically associated with models of plates and shells. The same argument, in the case when the net lateral traction is of order h, yields P#k = O(1) and div(P1) = O(1). The leading-order problem then corresponds to membrane theory [24] . In other words, the scaling of the lateral loads selects the appropriate leading-order model; in this instance, membrane theory. Invariably, solutions to associated boundary-value problems yield P1 = O(1), and with (75) 1 in effect, i.e. with Pk = 0 at leading order, this implies that S = O(1), where S is the (elastic) second Piola-Kirchhoff stress.
This line of reasoning suggests that S = o(1) in the presence of lateral loads of order o(1) or less, as assumed in the present work. Here the notation o(1) identifies a quantity whose norm tends to zero as h tends to zero. For example, the stress scales as h 2 in classical (linear) plate-buckling theory with appropriately small lateral loads [25, 26] . Naively, one might assume, on the basis of (75) 2 and (8), (15) , that S = O(h 2 ) in general, but the intervening divergence operator in (76) could lead, in contrast to classical plate-buckling theory, to the presence of boundary layers in which this breaks down. The assumption S = o(1), while quite conservative, seems impossible to justify a priori, however, and so must be verified a posteriori in the course of solving boundary-value problems posed in the setting of the model to be derived. The legitimacy of the assumption thus hinges on the existence of solutions to such problems, which remains unexplored in the present context. Recent efforts by Ciarlet and co-workers [27] may prove fruitful in this regard, but we do not address such matters in the present work.
Objections to our procedure may be raised on the grounds that it does not yield a rigorous derivation of a model for combined bending and stretching. While this is indeed true, it must be noted that rigorous derivations via asymptotic expansions or the method of Gamma convergence (cf. [10, 11, 28, 29] ), impressive though they are in terms of technical sophistication, have failed to produce a nonlinear model of the kind required. We are reminded of Koiter's famous quip [12, p. 93] , which is arguably more germane today: 'Extreme rigor in the analysis of physical problems, we are inclined to believe, may easily lead to rigor mortis'. Indeed, Koiter's well-known shell theory for combined bending and stretching [19] , based on conventional elasticity theory, has been justified in [30] despite the fact that it has not been derived as a limit model via global, single-scale asymptotic expansions, or via the method of Gamma convergence.
Our assumption facilitates an important simplification of the model: using (15) and (25) 1 we see that it yields W# = o(1), implying that the associated term may be suppressed in (24) with no adverse effect on order-h 3 accuracy. Further, our constitutive hypotheses also yield E = o (1), and hence the conclusion that W = o(1), at most. Thus, (24) furnishes
where, for consistency, the strain E is neglected in the computation of W$, i.e. (cf. (19) ),
modulo irrelevant terms of order o(1), in which R is the rotation factor in the polar decomposition of H, rather than H itself; that is, H = R + o(1) under the present hypotheses. Here, of course, W =W (H) in which H is given in terms of rr and d by (26) 1 and (27) 1 ; and H# in (28) is given in terms of rr, d, rd and g by (26) 2 and (27) 2 . We express d and g in terms of rr and rrr, to obtain a variational problem for the midsurface position field r(u). To this end we recall that the replacement of H by R, in the coefficient of h 3 appearing in (77), is tantamount to the imposition of (42) in that coefficient, and thus to the adoption of d = d(rr, K), where d is the solution to the purebending problem obtained previously. That is, d is given in terms of rr by (43), in which (50) 123 are imposed. Importantly, in the calculation of d, the function r(u) is approximated by an isometry in accordance with (50) 1 . This entails a negligible overall error of order o(h 3 ). However, it is not appropriate to interpret rd as rd; rather, rd is to be evaluated, post-facto, at H = R. In other words, although it is appropriate to approximate H by R in this coefficient, it is not appropriate to impose rd = rd, as this would amount to an unwarranted restriction on H#, which in principle is entirely divorced from H. The same issue arises in the conventional theory [21, Section 6] . This of course raises the question, which we consider next, of how rd is to be calculated.
Elimination of the directors d and g
To address this question we observe, from (75) 1 , that it is permissible to impose Pk = 0 in the coefficient of h 3 , with no adverse effect on accuracy. This is equivalent, by (8) and (15) , to the restriction
where l is given by (58), and, in accordance with the assumption E = o(1),
to leading order. Of course this is already of order o(1) under our hypotheses, and hence negligible in the coefficient of h 3 , but we seek an estimate of rd and so retain it for this purpose. Thus, we seek a solution d to (79), use it to compute rd, and evaluate the result at H = R; equivalently, at E = 0.
The construction of the solution is straightforward. We combine (79) and (80) with (14) and (26) 1 , finding, after some algebra, that
Thus,
and, of course, c = (rr) t rr, in which, for our present purposes, r(u) is not an isometry, but must be such that c is close to 1G t G1 (cf. (50) 1 ). Using these results we construct d from (43) and then compute rd. Our objective is achieved by evaluating the resulting formula at the values of e and d Á n delivered by the solution (50)-(51) to the pure-bending problem. The result obtained for rd involves both rr and rrr.
Proceeding to the computation of g, we impose P#k = 0, again with no adverse effect on accuracy (cf. (75) 2 ). Using (64) and (65) with Pk = 0, we find that this reduces to fWHH(R)½H 0 gl = 0, modulo negligible terms of order o(1). This in turn is equivalent to the problem B g = 0 discussed earlier, whose solution is given by solving the linear problem (cf. (63))
in which rd is computed as described in the foregoing. The analysis pertaining to pure bending is otherwise unaffected and yields the conclusion that the solution is energetically optimal. The relevant term in the strain energy is given by (78) in which
The computation of this term preserves Galilean invariance. The resulting energy therefore depends on rr and rrr via c, S l ab and k (cf. (68)) 1 , in which c is given by (50) 1 for consistency. However, the approximations made do not restrict rc and so S l ab and k are unrestricted. Accordingly, this part of the energy depends ultimately on S l ab and k. Turning finally to the order-h term in (77), we find that this is kinematically determined by rr and d, in which the latter is unspecified apart from the requirement that J F . 0. In particular, we are not justified in imposing (75) 1 a priori for the purpose of eliminating d in favor of rr, because in principle an error is then incurred which is of the same order as other terms that have been explicitly retained in (77). Thus, at this stage the energy U in (77) is determined, apart from terms of order o(h 3 ), by rr, rrr and d, regarded as independent variables, in which the latter occurs only in W. The Euler equation associated with variation of d is thus given simply by W d = 0, which is equivalent to fWH(H)gl = 0. This in turn is equivalent to Sl = 0 and hence to Pk = 0. We have thus arrived at a post facto justification.
To prove that this system yields a unique d, we first show that any solution, b d say, minimizes W. To this end we fix rr and define R(d) = W(H) with H = (rr + d5k)K. Let d(t) be a one-parameter family belonging to the half-space S + (d) defined by dÁn . 0. This is the admissible set associated with the restriction J F . 0. The derivatives of s(t) = R(d(t)) are
with b H = (rr + b d k)K, vanishes, and R dd (d) satisfies
implying, by strong ellipticity, that it is positive definite. 
Because such functions have unique stationary points, it follows that there exists a unique solution A slightly weaker result follows under an alternative constitutive hypothesis: we combine (16) and (89), obtaining
where we have invoked Sl = 0 at E = b E, and, of course, Finally, our procedure delivers the energy
in which the right-hand side is computed as prescribed in the foregoing, furnishing an energy that is automatically Galilean invariant. It is therefore expressible in the form U = Fða ab , S l ab , b ab ; u m Þ 1 .
Koiter's energy for materially uniform bodies
A variant of Koiter's theory emerges when the strain satisfies E = O(h) uniformly on O; we make this explicit by writing
with E = O(1). In this case (17) 
The strain energy (92) reduces to U = U K , with where a is the areal stretch defined by (53), and with We thus have
To facilitate integration by parts via Stokes' theorem, we re-write this using
We then use the decomposition
on ∂v, where t a and n a respectively are the covariant components of the unit tangent t and unit normal n to the edge ∂v, _ r n is the normal derivative of _ r on the edge, and the subscript s stands for the arclength derivative. We obtain
The Euler-Lagrange equation is
where These results apply to the model for combined bending/stretching and subsume the Koiter model. Pure bending is treated in the next subsection as a special case. We observe that the dependence of the energy on the S l ab amounts to a strain-gradient effect. The associated tensor field M lab generates moments at the boundary about the surface normal n and edge normal n in addition to the standard bending moment about the edge tangent t generated by the M ab .
Pure bending
To obtain the equilibrium equations for pure bending, we use (73) to express the strain-energy function in the form U B (k; u) = F(b ab ; u m ). The variational derivative is then given by
The reduction is facilitated by replacing the actual potential energy with the saddle Lagrangian
where N ab ( = N ba ) are Lagrange multiplier fields, a ab = r ,a . r ,b is the metric induced by the deformation and a ab is the fixed metric induced by the right-hand side of (50) 1 . This of course coincides with the actual bending energy (scaled by h 3 ) when the constraints are in effect. We note that stationarity with respect to the Lagrange multipliers simply returns the constraints, and so L B furnishes an extension of E B to unconstrained deformations.
To justify this form of the saddle Lagrangian we note that the constraint on the metric implies, via Gauss' theorem, that the restriction on Gaussian curvature is automatically satisfied; that is, the nontrivial constraints r , a Á r , b = a ab , which follow from the stationarity of L B , ensure that r(u The natural boundary conditions are f = T a n a À (M ba n a t b n) s and c = M ba n a n b n on ∂v n , ð126Þ
in which f and c differ from their counterparts in (122) due to the presence of p and the areal stretch factor in the latter, and the scaling by h
